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4.1 Introduction
Chapter 3 defined probability and introduced some basic tools used
in working with probabilities. By assessing the probabilities of certain
events from actual past data, we can consider specific probability
models (probability distributions) that fit our problems. This chapter
introduces the general concept of a discrete random variable and
describes the binomial distribution in depth which is considered an
important application of this type of random variables.

4.2 Random Variables

In this section we will consider the concept of a random variable (r. v.) as follows:

A random variable is a function that assigns numeric values to
different outcomes in a sample space (S) and can be defined as
follows:.
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Two types of random variables are discussed in this text: discrete and continuous.

Notation: We usually denote random variables by capital letters such as X , Y , Z , …

Notation: A discrete r. v. can take on only a finite number or a countable infinite
number of values.

Example

Here are some examples of a discrete random variable:
 The number of arrivals at an emergency room between midnight and 6:00 A.M.
 The number of boys in a three-child family.
 The number of defective light bulbs in a box of 100 bulbs.
 The number of clerical errors on a medical report.
 The number of new cases of influenza in KAUH next month.
 The number of episodes of otitis media in the first 2 years of life.
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Notation: The outcomes for a continuous random variable are measured and it can
take on an infinite number of  possibilities in an interval. 

Example

Here are some examples of a continuous random variable:

 The time between patients entering an examination room at
a Otolaryngology clinic in KAUH.

 The temperature of a cup of coffee served at a hospital for patients.
 The average amount of money spent on treatments in hospitals each year by

households.
 The amount of rain recorded at KAUH one day.
 The average weight of newborn babies born in a particular Jordanian hospital

one month.
 The distance an ambulance car is driven each day in a certain hospital.

Notation
The value of the discrete random variable should be always an integer value, while
the value of the continuous random variable can be integer and non-integer.
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4.3 The Probability Mass Function for a Discrete Random Variable

Notation
The probability mass function (pmf) for a discrete random variable (X) can be
displayed in a table giving the values and their associated probabilities, or it can be
expressed as a mathematical formula giving the probabilities of all possible values.
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Examples of Probability Mass Functions

Example (1)
A university medical research center finds out that treatment of
skin cancer by the use of chemotherapy has a success rate of
70%. The probability mass function (probability distribution) of
X successful cures of five patients treated with chemotherapy is
given in the table below:

r 0 1 2 3 4 5

0.002 0.029 0.132 0.309 0.360 0.168

or it can be written as follows:
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Example (2)

r 0 1 2 3 4

0.04 0.12 0.20 0.28 0.36

or it can be written as follows:
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Example (3)
Determine which one of the following tables is or is not a probability mass function
(probability distribution) for the discrete random variable X:

(A)

0 1 2 3

(C)

0 1 2 3

0.18 0.34 0.36 0.13 0.10 0.42 0.03 0.44

(B)

0 1 2 3

(D)

0 1 2 3

0.12 0.13 0.61 0.14 0.26 0.44 0.45

(I)

(II)
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Hypertension Many new drugs have been introduced in the past several decades to
bring hypertension under control—that is, to reduce high blood pressure to
normotensive levels. Suppose a physician agrees to use a new antihypertensive drug
on a trial basis on the first four untreated hypertensives she encounters in her
practice, before deciding whether to adopt the drug for routine use. Let X = the
number of patients of 4 who are brought under control. Then X is a discrete random
variable, which takes on the values 0, 1, 2, 3, 4. Also, suppose that from the previous
experience with the drug, the drug company expects that for any clinical practice
the probability that 0 patients of 4 will be brought under control is 0.008, 1 patient
of 4 is 0.076, 2 patients of 4 is 0.265, 3 patients of 4 is 0.411, and all 4 patients is
0.240. This probability mass function (pmf) or probability distribution is displayed in
Table 4.1 given below:

Example (4)

0 1 2 3 4

0.008 0.076 0.265 0.411 0.240

Table 4.1 Probability mass function (pmf) for the hypertension control

Use this table to answer the following questions:
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(a) What is the probability that exactly 2 patients will be brought under control?

Answer
P(X = 2) = 0.265

(b) What is the probability that less than 2 patients will be brought under control?

Answer
P(less than 2 patients will be brought under control )

= P(X > 2)
= P(X = 0 or 1)
= P(X = 0) + P(X = 1)
= 0.008 + 0.076
= 0.084

(c) What is the probability that 2 or fewer patients will be brought under control?

Answer
P(2 or fewer patients will be brought under control)

= P(X ≤ 2)
= P(X = 0) + P(X = 1) + P(X = 2)
= 0.008 + 0.076 + 0.265
= 0.349
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(d) What is the probability that more than 2 patients will be brought under control?

Answer
P(more than 2 patients will be brought under control)
= P(X < 2)
= P(X = 3 or 4)
= P(X = 3) + P(X = 4)
= 0.411 + 0.240 = 0.651

OR
P(X < 2) = 1 - P(X ≤ 2) = 1 – 0.349 = 0.651

Rule: For a constant k we have P(X < k) + P(X ≤ k) = 1 .

(e) What is the probability that more than 1 and less than or equal to 3 patients will
be brought under control?

Answer
P(more than 1 and less than or equal to 3 patients will be brought under
control)
= P(1 > X ≤ 3)
= P(X = 2) + P(X = 3)
= 0.265 + 0.411
= 0.676
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4.4 The Expected Value of a Discrete Random Variable
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4.5 The Variance and Standard Deviation of a Discrete Random Variable
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Example (5)
Hypertension The probability mass function (pmf) or probability distribution for
X = the number of patients of 4 who are brought under control displayed in Table 4.1
is given as follows:

0 1 2 3 4

0.008 0.076 0.265 0.411 0.240

(a) Find the expected value for the discrete random variable (X)?
(b) Find the variance and standard deviation for the discrete random variable (X)?

Solution

0 0.008 0 0 0

1 0.076 1 0.076 0.076

2 0.265 4 0.530 1.060

3 0.411 9 1.233 3.699

4 0.240 16 0.960 3.840

Sum 1 --- 2.799 8.675

(a) Expected Value (Mean)

Conclusion: Thus, on the average about 2.80 hypertensives would be expected to be
brought under control for every 4 who are treated.
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(b) Variance (c) Standard deviation

Conclusion: Thus, on the average about 2.80 hypertensives would be expected to be
brought under control for every 4 who are treated, and this value(2.80) will be
increased or decreased on the average by 0.92.

Example (6)

Otolaryngology Consider the discrete random variable X which representing the
number of episodes of otitis media in the first 2 years of life. Suppose this random
variable has a probability mass function (pmf) as given in Table 4.3 shown below:
Table 4.3 The PMF for number of episodes of otitis media in the first 2 years of life



4.8 The Binomial Distribution

Factorial: The special symbol (n!) is called the n factorial and is defined as follows:

𝑛! = 𝑛 × ( 𝑛 − 1) × (𝑛 − 2 ) × … × 3 × 2 × 1

Special Cases: 0! = 1 and  1! = 1

n!

n

n SHIFT 𝒙! = …
5 SHIFT 𝟓! = 120

Using 
Calculator
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Binomial Coefficient: For any non-negative integers n, k, where n ≥ k, the number
of combinations of n things taken k at a time is known as the binomial coefficient

denoted by or 𝑛
𝑘

and can be calculated as follows:

Evaluate ?
Solution

𝑛

𝑘

Using Calculator

n SHIFT nCr r 7 SHIFT nCr 3 = 35

Henceforth, for consistency we will always

use the more common notation
𝑛
𝑘

for

combinations. In words, this is expressed as
“n choose k.”
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If the discrete random variable X is defined to be as “the number of “successes” in
the n independent Bernoulli trials”, then X is said to have a Binomial distribution
denoted by 𝑋~ 𝐵(𝑛 , 𝑝) where n is the number of trials and p is the probability of
success. Let 𝑋~ 𝐵(𝑛, 𝑝), then the probability mass function (pmf) or probability
distribution for X denoted by f(k) = P(X = k) is given as follows:

𝑓 𝑘 = 𝑃 𝑋 = 𝑘 =  

𝑛

𝑘
𝑝𝑘 1 − 𝑝 𝑛−𝑘 , 𝑘 = 0, 1, 2, … , 𝑛

0 , 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

where  𝑛
𝑘 = 𝑛!

𝑘! 𝑛−𝑘 !

Binomial Probability Mass Function

4.9 Expected Value and Variance of the Binomial Distribution
The expected value (mean), the variance and the standard deviation of the binomial
distribution are important both in terms of our general knowledge about the
binomial distribution and for our later work on estimation and hypothesis testing.

The expected value and the variance of a binomial distribution are obtained as
follows:

Expected Value (Mean): 𝜇 = 𝐸 𝑋 = 𝑛𝑝
Variance: 𝑉𝑎𝑟(𝑋): 𝜎2 = 𝑛𝑝 1 − 𝑝 = 𝑛𝑝𝑞

Standard Deviation: 𝜎 = 𝑠𝑑 𝑋 = 𝑉𝑎𝑟(𝑋) = 𝑛𝑝 1 − 𝑝 = 𝑛𝑝𝑞
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Special Case
If (𝑛 = 1) , then X takes two values, 0 and 1, with probabilities 𝑝 and 𝑞 = 1 − 𝑝. In
this case the Binomial distribution is called the Bernoulli distribution denoted by
𝑋 ~ 𝐵(1 , 𝑝) or 𝑋 ~ 𝐵𝑒𝑟(𝑝) , and the probability distribution is given as follows:

Examples of a Binomial Random Variable
 Number of workers suffering from COVID-19 disease in a random sample of 6

workers.
 Number of patients recover from a COVID-19 disease in a random sample of 9

patients suffering from this disease.

Example
Suppose it is known that a new drug is successful in curing a COVID-19 in 22% of the
cases. If it is tried on a random sample of 5 patients, then answer the following:
(a) Find the probability that:

(i) no one of patients will be cured?
(ii) exactly 3 patients will be cured?
(iii) at least 2 patients will be cured?
(iv) at most 4 patients will be cured?
(v) from 1 to 4 patients will be cured?

(b) Find the mean and the standard deviation for the number of patients who are
cured?
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Solution
The success is the cure of patient and by assuming that the results for individual
patients are independent, we note that the Binomial distribution with 𝑛 = 5 and
𝑝 = 0.22 is appropriate for 𝑋 = number of patients who are cured in the random
sample of size 5 patients, that is, 𝑋~𝐵(5, 0.22), with a probability mass function
(𝑝𝑚𝑓) given as follows:

𝑓 𝑘 = 𝑃 𝑋 = 𝑘 =  

5

𝑘
(0.22)𝑘 1 − 0.22 5−𝑘 , 𝑘 = 0, 1, 2, 3, 4, 5

0 , 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

where
5
𝑘 = 5!

𝑘! 5−𝑘 !
By using the above equation, we get the probability mass function (probability
distribution) table for the number of patients who are cured, X, as follows:

𝑓 0 = 𝑃 𝑋 = 0 = 5
0
(0.22)0 0.78 5−0 =

5!

0! 5!
1 0.78 5 = 1 1 0.2887 = 0.289

𝑓 1 = 𝑃 𝑋 = 1 = 5
1
(0.22)1 0.78 5−1 =

5!

1! 4!
0.22 0.78 4 = 5 0.22 0.3702 = 0.407

𝑓 2 = 𝑃 𝑋 = 2 = 5
2
(0.22)2 0.78 5−2 =

5!

2! 3!
(0.22)2 0.78 3 = 10 0.0484 0.4746 = 0.230

𝑓 3 = 𝑃 𝑋 = 3 = 5
3
(0.22)3 0.78 5−3 =

5!

3! 2!
(0.22)3 0.78 2 = 10 0.0106 0.6084 = 0.065

𝑓 4 = 𝑃 𝑋 = 4 = 5
4
(0.22)4 0.78 5−4 =

5!

4! 1!
(0.22)4 0.78 1 = 5 0.0023 0.78 = 0.009

𝑓 5 = 𝑃 𝑋 = 5 = 5
5
(0.22)5 0.78 5−5 =

5!

5! 0!
(0.22)5 0.78 0 = 1 0.0005 1 = 0.001
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The Probability Mass Function (Probability Distribution) for X

𝑘 0 1 2 3 4 5

𝑃(𝑋 = 𝑘) 0.289 0.407 0.230 0.009 0.065 0.001

(a) Find the probability that:
(i) Probability that no one of patients will be cured

= P(X = 0) = 0.289
(ii) Probability that exactly 3 patients will be cured

= P(X = 3) = 0.065
(iii) Probability that at least 2 patients will be cured

= P(X ≥ 2)
= P(X = 2) + P(X = 3) + P(X = 4) + P(X = 5)
= 0.229 + 0.065 + 0.009 + 0.001
= 0.304

OR
(iii) Probability that at least 2 patients will be cured

= P(X ≥ 2)
= 1 – P(X < 2)
= 1 – { P(X = 0) + P(X = 1) }
= 1 – { 0.289 + 0.407 } = 1 – 0.696 = 0.304
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(iv) Probability that at most 4 patients will be cured
= P(X ≤ 4)
= P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3) + P(X = 4)
= 0.289 + 0.407 + 0.229 + 0.065 + 0.009
= 0.999

OR
(iv) Probability that at most 4 patients will be cured

= P(X ≤ 4)
= 1 – P(X > 4)
= 1 – { P(X = 5)} = 1 – { 0.001} = 0.999

(v) Probability that from 1 to 4 patients will be cured
= P(1 ≤ X ≤ 4)
= P(X = 1) + P(X = 2) + P(X = 3) + P(X = 4)
= 0.407 + 0.229 + 0.065 + 0.009
= 0.71

(b) The mean and the standard deviation for the number of patients who are cured
can be calculated as follows:

(i) The Mean: µ = 𝐸 𝑋 = 𝑛𝑝 = 5 0.22 = 1.1 𝑝𝑎𝑡𝑖𝑒𝑛𝑡.

(ii) The Standard Deviation: σ = 𝑆𝐷 𝑋 = 𝜎2 = 𝑛𝑝 1 − 𝑝

= (5)(0.22)(0.78)

= 0.926 𝑝𝑎𝑡𝑖𝑒𝑛𝑡.



Using Binomial Tables
Often a number of binomial probabilities need to be evaluated for the same n and p,
which would be tedious if each probability had to be calculated from the Equation.
Instead, for small n (n ≤ 20) and selected values of p, refer to Table 1 page 867 in the
Appendix, where individual binomial probabilities are calculated. In this table, the
number of trials (n) is provided in the first column, the number of successes (k) out
of the n trials is given in the second column, and the probability of success for an
individual trial (p) is given in the first row. Binomial probabilities are provided for n =
2, 3, . . . , 20 ; p = 0.05, 0.10, . . . , 0.50.



Problems
4.9
4.10
4.14
4.17
4.33 - 4.37
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Exercises-Binomial Distribution

The probability that a patient in KAUH recovers from a rare blood disease is 0.4. If
15 people are known to have contracted this disease, then answer the following:
(a) Find the probability that:

(i) at least 10 patients survive? Ans: 0.0338.
(ii) exactly 5 patients survive? Ans: 0.1859.
(iii) from 3 to 8 patients survive? Ans: 0.8779.

(b) Find the mean and standard deviation for the number of people that survive?
Ans: µ = 6 people and σ = 1.897 people. Notation: Use Binomial Table

Exercise (1)

Exercise (2)
It is known that 60% of children in Jordan inoculated with the Influenza vaccine are
protected from flu in Winter. If 5 children are inoculated, then answer the
following:

(a) Find the probability that:
(i) none contracts the disease? Ans: 0.0778 .

(ii) fewer than 2 contracts the disease? Ans: 0.3370 .
(iii) more than 3 contracts the disease? Ans: 0.0870 .

(b) Find the mean and standard deviation for the number of children contracts the
disease? Ans: µ = 3 children and σ = 1.095 children.


