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Solved Problems  

Two-Sample Inference 

Hypothesis Testing for the Difference between Population Means  

8.1 Introduction 
A more frequently encountered situation is the two-sample hypothesis-testing 
problem. In this chapter (chapter 8), the appropriate methods of hypothesis testing 
for both the paired-samples and independent-samples situations are studied. 
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8.2 – 8.3 The Paired t Test and Interval Estimation  
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Question (1)  

The weights (in kgs) for a random sample of six patients selected from the Jordan 

University Hospital (JUH) before and after special exercise program are recorded in 

the following table: 

Patient Number 1 2 3 4 5 6 
Before 65 75 82 90 105 98 

After 68 70 72 85 95 9 
 

Answer the following: 

(a) Construct the 95% confidence interval (CI) for the mean 𝜇𝑑  of the population 
paired differences? 

 

Step (1) 

 

Step (2) 

Patient No. 
(𝒊) 

Before 
(𝒙𝒊𝟏) 

After 
(𝒙𝒊𝟐) 

𝒅𝒊 = 𝒙𝒊𝟐 − 𝒙𝒊𝟏 𝒅𝒊
𝟐 

1 65 68 3 9 

2 75 70 -5 25 

3 82 72 -10 100 

4 90 85 -5 25 

5 105 95 -10 100 

6 98 95 -3 9 

Sum -30 268 

 

Solution 



5 
 

Step (3) 

We calculate the sample mean (d̅) and the sample standard deviation (Sd) as 

follows: 

𝑑̅ =
∑ 𝑑𝑖

𝑛
𝑖=1

𝑛
 = 

− 30

6
= −5 

Sd =
√∑ 𝑑𝑖

2 − 
(∑ 𝑑𝑖

𝑛
𝑖=1 )

2

𝑛
𝑛
𝑖=1

𝑛 − 1
=

√268 − 
(−30)2

6
6 − 1

= √
268 − 150

5
= 4.858 

Step (4) 

The critical value can be calculated as follows: 

(1 − 𝛼)100% = 95% 

1 − 𝛼 = 0.95 

𝛼 = 0.05 

𝑡(𝑛−1 ,   1−(𝛼 2⁄ )) = 𝑡(6−1 ,   1−(0.05 2⁄ ))=  𝑡(5,   0.975) = 2.571 

 

Step (5) 

The (1 - α) × 100 % = 95% confidence interval for the mean 𝜇𝑑  of the population 
paired differences can be constructed as follows: 
 

Lower limit =  𝑑 ̅ − 𝑡(𝑛−1 ,   1−(𝛼 2⁄ ))  
𝑆𝑑

√𝑛
  

                        = −5 − [(2.571) (
4.858

√6
)] 

                        =  −5 − 5.099 
 = −10.099 

  Upper limit =  𝑑 ̅ + 𝑡(𝑛−1 ,   1−(𝛼 2⁄ ))  
𝑆𝑑

√𝑛
  

                         = −5 + [(2.571) (
4.858

√6
)] 

                         =  −5 + 5.099 
 = 0.099 

CI = (-10.099, 0.099) 

Conclusion 

We are 95% confident that the mean 𝜇𝑑  of the population paired differences of 
weights is between -10.099 and 0.099 kgs since. 
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(b) Can we conclude that there is a difference in weights of patients before and  
after the exercise program? Test using 𝛼 = 0.01? 

 

Step (1) 

The null and alternative hypothesis can be written as follows: 

HO: 𝜇𝑑 = 0    𝑣𝑠    H1: 𝜇𝑑 ≠ 0  ,   𝛼 = 0.01 

Step (2) 

We calculate the value of the test statistic t as follows: 

𝑡 =
𝑑̅ − 𝜇𝑑

𝑆𝑑 √𝑛⁄
=  

−5 − 0

4.858 √6⁄
=  −2.521 

Step (3) 

 

Step (4) 

We get 𝑡 = −2.521 > −𝑡(5,   1−(0.01 2⁄ )) = −𝑡(5,   0.995) = −4.032 

Then we Accept HO: 𝜇𝑑 = 0 at 𝛼 = 0.01 and conclude that the exercise program 

does not affect the weights of patients. 

 

(c) Calculate the 𝑝-value for the test in (b)? 
 

 

Solution 

Solution 
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𝑝 = 2 [the area to the write of t under  𝑡(𝑛−1 ,   1−(𝛼 2⁄ ))] 

𝑝 = 2 [𝑃 (𝑡(𝑛−1 ,   1−(𝛼 2⁄ )) ≤ 𝑡)] 

𝑝 = 2 𝑃(𝑡(5,   0.995) ≤  −2.521)] 

 

Example 

 
 

8.4 Two-Sample t Test for Independent Samples  (Equal Variances) 
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8.5 Interval Estimation for the Comparison of Means from Two Independent 
Samples (Equal Variance Case) 
 
In the previous section, methods of hypothesis testing for the comparison of means 
from two independent samples were discussed. It is also useful to compute the        
(1 − α) × 100% confidence intervals (CIs) for the true mean difference between the 
two groups (or populations) (µ1 − µ2) as follows: 
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Exercise (1) 

An instructor wants to use two exams in her classes next year. This year, she 

gives both exams to the students. She wants to know if the exams are equally 

difficult and wants to check this by looking at the differences between scores. If 

the mean difference between scores for students is “close enough” to zero, she 

will make a practical conclusion that the exams are equally difficult. Use             

𝛼 = 0.05. Here is the data: 

 

 
Answer:  

 

 
------------------------------------------------------------------------------------------------------------- 

Exercises 
  



15 
 

Exercise (2) 
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------------------------------------------------------------------------------------------------------------- 
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Exercise (3) 
A psychologist was interested in exploring whether or not male and female college 

students have different driving behaviors. There were several ways that she could 

quantify driving behaviors. She opted to focus on the fastest speed ever driven by 

an individual. She conducted a survey of a random 𝑛1 =24 male college students 

and a random 𝑛2 =29 female college students. Here is a descriptive summary of 

the results of her survey: 

 
Therefore, the particular statistical question she framed was as follows: 
Is there sufficient evidence at the 𝛼 = 0.05 level to conclude that the mean fastest 
speed driven by male college students (𝜇1) differs from the mean fastest speed 
driven by female college students (𝜇2)? Assume normal distributions? 
------------------------------------------------------------------------------------------------------------- 

Exercise (4) 
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------------------------------------------------------------------------------------------------------------- 

Exercise (5) 
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------------------------------------------------------------------------------------------------------------- 

Exercise (6) 

 
------------------------------------------------------------------------------------------------------------- 


